Rheumatoid arthritis is an autoimmune disease of unknown etiology that manifests as a persistent inflammatory synovitis and eventually destroys the joints. The immune system recognizes synovial cells as not self and consequently causes lymphocyte and antibody proliferation that is promoted by the pro-inflammatory cytokines, the most significant being tumor necrosis factor TNF-α. In the treatment of rheumatoid arthritis either monoclonal antibodies or soluble receptors are used to neutralize the TNF-α bioactivity, such as sTNFR2, Etanercept and Infliximab. In [M. Jit et al. Rheumatology 2005;44:323-331] a mathematical model that represents the TNF-α dynamics in the inflamed synovial joint within which locally produced TNF-α can bind to cell-surface receptors was proposed. It consists of four coupled ordinary differential equations, that were integrated numerically assuming a range of estimates of the key parameters. In this paper we complement the previous work by determining the general solution of those equations for specific conditions on the parameters. Then we characterize the behavior of TNF-α in the presence of different inhibitors and also evaluate the inhibitors effectiveness in the treatment of rheumatoid arthritis.
Introduction
Rheumatoid arthritis (RA) is an autoimmune disease that manifests as a persistent inflammatory synovitis and eventually destroys the joints. The cause of this disease is still unknown but it is hypothesized it results from an aberrant immune response to contact with an infectious agent in an individual who has a genetic predisposition. In RA there is an abnormal activation of T-helper cells in the synovial membrane which recognize antigens in association with synovium cells as not self. In this disease cytokines have a key role to promote inflammation. Cytokines are proteins that interact with specific receptors on target cells causing cellular proliferation, cellular survival, cellular differentiation [1] . When cytokine binds to a specific receptor it begins a signal transmission process within the target cell. This process is known as transduction. An increase of proinflammatory cytokines causes an increase of soluble receptors and anti-inflammatory cytokines so after a short period of time the system returns to equilibrium. Therefore in health conditions cytokines are important for the immune response integrity. In RA, the synovium has an increased number of T-helper lymphocytes CD4+ T H 1 and a diminished number of T-helper lymphocytes CD4+ T H 2. The inflammatory process is stimulated by the proinflammatory cytokines produced by T-helper lymphocytes T H 1. This effect is augmented by the inability of T-helper lymphocytes of type T H 2 to produce a sufficient quantity of anti-inflammatory cytokines. The resulting imbalance between pro-inflammatory cytokines and anti-inflammatory cytokines leads to a chronic inflammatory process that causes worsening serious joint damage [2] . The T-helper lymphocytes CD4+ T H 1 promote the proliferation of pro-inflammatory cytokines [3] such as tumor necrosis factor α (TNF-α) and interleukin 1 (IL-1). In RA it has been observed that the 40% of cells layer which covers synovial tissue expresses TNF-α and the 20% expresses IL-1 [4] . TNF-α is the major mechanism responsible for the chronic inflammation, as evidenced by B cell proliferation with autoantibody a production. Thanks to molecular biotechnology, it has been possible to create in laboratory TNF-α inhibitors. The anti-TNF-α are based on the concept that the TNF-α becomes bioactive when it is bound to cell receptors in receptor compartment. Therefore the neutralization of this bioactivity suggests there is a failure of transduction of the inflammatory message. Thus, TNF-α is prevented from binding to TNF-α receptors blocking the inflammatory response and putting the disease into remission, although unfortunately this effect is not permanent. The TNF-α inhibitors have been created in the form of soluble receptors such as Etanercept and sTNFR2 and in the form of chimeric monoclonal antibodies such as Infliximab. In 2005, a mathematical model was published in Rheumatology [5] based on the role of TNF-α in the therapy of RA. It represents TNF-α dynamics in receptor compartment in presence of inhibitors and it consists of four coupled ordinary differential equations that were integrated numerically assuming a range of estimates of the key parameters. In the present paper we analyse this model and solve it analytically for appropriate conditions on the parameters and initial conditions to study TNF-α behaviour and thus to predict the effectiveness of naturally produced sTNFR2, as well as two of the licensed treatments b Etanercept (Enbrel ) and Infliximab (Remicade ). In Section 2 we describe the model and the qualitative analysis at equilibrium obtained by M. Jit et al in [5] . In Section 3 we describe in detail how to obtain the general solution of the system for specific conditions on the parameters. In Section 4 we show the behavior of the obtained solution by using different values of the parameters, and different initial concentrations of free TNF-α. The last Section contains some final remarks.
The model
In [5] a mathematical model has been developed in order to predict short-term and long-term clinical benefit by the administration of Etanercept, Infliximab and the naturally produced sTNFR2, , i.e.:
It represents TNF-α dynamics in the receptor compartment within which locally produced TNF-α can bind to cell-surface receptors. In [5] it was assumed that free TNF-α, with receptor compartment concentration L, can bind to cell-surface receptors, TNFR1 of total density R tot , to form receptor-ligand complexes or to antibodies, with receptor compartment concentration A, to form antibody-antigen complexes with receptor compartment concentration C. In the model, r is the bound proportion to form receptor-ligand complexes and 1 − r the unbound proportion; k 1 is the TNF-α receptor association rate, k −1 is the TNF-α receptor dissociation rate, k a is the ligand-inhibitor association rate, and k −a is the ligand-inhibitor dissociation rate. Internalization of bound receptors occurs at rate and the total receptor density R tot is assumed constant. The constant ω 1 represents the production rate of TNF-α which is the stimulus that maintains the inflammatory response, while ω a represents the rate at which antibodies a Autoantibody is an immunoglobulin that reacts against self antigens b Etanercept and Infliximab were approved by the Food and Drug Administration in 1998, and the European Medicine Agency in 2000 and 1999, respectively [6] .
are introduced into the receptor compartment. Clearance processes from the receptor compartment are assumed to be first-order with rates δ 1 for free TNF-α, δ a for free antibody, and δ c for antibody−antigen complexes. The constant ν measures the strength of a possible stimulated autocrine response which upregulates TNF-α production in response to the density of bound receptors and it is assumed to be in linear form since this response is not quantified. When ν is zero it means that there is no stimulatory response. Thanks to this model it is possible to study the interactions between TNF-α and the specific ligand-binding inhibitor. The steady state of the system is represented by a production of TNF-α equal to zero, which implies that when the exogenous production rate ω 1 is different from zero this is indicative of the disease state. When ω 1 = 0, and in absence of treatment of antibody (ω a = 0), the state in which all variables in the system take the value zero (zero state of the system) is the equilibrium state. This equilibrium is stable if the autocrine response is not too large, i.e. when: ν < + δ 1 K 1 where
By using the following estimated parameters:
in [5] it was proven that the zero state will be stable if ν ≤ when the stimulated endocytosis rate has order 10 −4 s −1 and δ 1 K 1 has order 10 −6 s −1 . The zero state becomes unstable when ν ≥ + δ 1 K 1 , and in this case TNF-α production is maintained from autocrine action only. When ω 1 > 0 and ω a ≥ 0 there is a unique non-zero stable equilibrium in which the equilibrium TNF-α level is an increasing function of both ω 1 and ν and the equilibrium TNF-α level is a decreasing function of ω a . Moreover, in [5] it was found that all three inhibitors reduce the concentration of total bioactive TNF-α leading the system to a new lower equilibrium level if the following particular estimates of parameters are taken into consideration, namely
in the case of administration of Etanercept;
in the case of administration of Infliximab.
Treatment with these drugs is rapidly effective because as soon as they reach the synovial fluid, they immediately act on TNF-α and establish a new equilibrium. Studying the concentrations of free TNF-α inhibitor-linked it was seen that all three inhibitors act as slow-release reservoirs. At first a decrease of TNF-α concentrations is observed but then, once these levels are reduced by the clearance, the effect is the release of TNF-α previously sequestred. The bioactivity is different for the three inhibitors and it depends also on the period of time considered since administration. The analyzed model contains certain assumptions which simplify it. Repeated exposure to antibodies can program the body to produce endogenous neutralizing antibodies which lead to a decrease of the therapeutic activity after a certain period of time. When this develops, it is referred to as the anti-human chimeric response (HACA). This response has been observed with continued Infliximab therapy; however, as Infliximab is not a sole therapy, but combined with methotrexate, the HACA response is not considered clinically significant for this inhibitor. As regards the treatment with Etanercept, the HACA response occurs sporadically and for a small number of patients. Another simplification was to consider ω a constant. This rate depends on the different concentrations between the serum and the receptor compartment which depends upon the pharmacokinetic properties of the in-hibitors following their administration, but since the model is focused on the dynamics between receptor, ligand and inhibitor for a relatively short time, one may consider the distribution of the treatment in a nearly steady state, and thus assume ω a constant. Another simplification is to ignore the dispersion of endogenous TNFR2 by monocytes. The body is capable of producing endogenous second type receptor for TNF-α, but the concentration in synovial fluid is two orders of magnitude less compared with exogenous therapeutic levels of anti-TNF-α concentrations, and therefore it is not considered in the model.
Resolution of the model
The non-linear model (1)- (4) consists of four first-order ordinary differential equations. Through algebraic manipulations and with appropriate conditions on the parameters we reduce the system to a system of linear equations. Since the non-linear term LA appears in (3) and (4), by adding (3) and (4) we obtain the following differential equation :
where there are linear terms only. By introducing a new variable:
and by replacing
into equation (5) we obtain the following differential equation:
By imposing the following conditions on the parameters (c.p):
and replacing them into equation (7), we obtain the following linear differential equation:
and by integrating it we obtain:
where A 1 is a constant which depends on the initial conditions c . Then we multiply equation (2) by R tot , adding equation (1) in order to obtain the following equation:
where the non-linear term LA appears. Combining (3) with (10) yields the following differential equation:
without non-linear terms. By introducing a new variable:
and by replacing:
into equation (11) we obtain the following differential equation:
By imposing the following conditions on the parameters:
we obtain a differential equation where r does not appear:
Through a further condition:
we obtain the following linear differential equation:
and can integrate it, i.e.:
(15)
where A 2 is a constant which depends on initial conditions d . We remark that the condition (c.p.3) implies that δ 1 = δ a . The substitutions (6) and (12) into equation (1) yield the following equation:
where the non-linear terms Lr and L 2 appear. By imposing the following condition on the parameters:
we eliminate the non-linear term Lr, i.e.:
and by imposing a further condition: (c.p.5)
we eliminate the dependence from r:
The equation obtained is a Riccati equation. By the transformation which linearizes it ie:
the equation (16) and (2) become the following:
By using the method of the characteristic curves [7] in the equation (19) to eliminate the term with the derivative of u 4 , we obtain the transformation:
where u 2 is a new dependent variable of time t. By applying the transformation (20) to equation (19), we obtain:
that, once the general solution of (18) is determined, can be integrated as:
where A 3 is a constant which depends on initial conditions e . Thanks to transformation (17) the equation (18) is linear and with the aid of MAPLE 16 we obtain its general solution to be:
where M k,m (z) e U k,m (z) are KummerM and KummerU functions f , respectively, C 1 e C 2 are constants which depends on initial conditions g , and in particular:
f More information about those functions can be found in classical textbooks, e.g., [8] and [9] . g Replacing the solution (23) in (17), the two constants C 1 e C 2 reduce to one, say
Summarizing:
By replacing (27) in (17) we obtain L, by replacing (27) and (25) in (20) we obtain r, by replacing (17), (20) and (26) in (12) we obtain A, and finally by replacing (24) in (6) we obtain C.
The behaviour of TNF-α
To determine the effectiveness of three inhibitors to reduce the concentration of bioactive TNF-α, we analyzed the behaviour of L in the case of naturally produced sTNFR2, the administration of Infliximab and that of Etanercept. A non-zero concentration of free TNF-α is indicative of the disease state and it is represented by the indicator L. In RA there are increased levels of TNF-α causing synovial inflammation and joint destruction. We assume that at time t = 0 the concentration of free TNF-α is higher than zero. In presence of inhibition the rates ω 1 and ω a are higher than zero, and the initial condition L(0) is higher than zero. In the following Figures and Tables, time t is represented in hours h, and L is expressed in molarity M. We use the same values of some of the parameters given in [5] , i.e.:
In the case of the soluble receptor sTNFR2, by assuming the following values of the parameters:
and by imposing the following initial conditions (i.c.1):
we obtain a decrease of L from an original value of 0.0006503257844 M. As we observe from Table 1 , a decrease of L corresponds to an increase on the proportion of TNF-α, which binds to form the receptorligand complexes, namely the increasing trend of r assures the ability of sTNFR2 receptor to bind free TNF-α. In fact, as seen in Table 1 , after 3 hours about 72.8 % of free TNF-α is bound to form the receptor-ligand complexes. Figure 1 shows a decrease of free TNF-α concentration L from an original value of 0.0006503257844 M to a value of 0.0005072829288 M in the time-interval of 3 hours. In the case of treatment with Infliximab, by assuming the following values of the parameters: Table 1 . L, r, A, and C in the first 3 hours of naturally produced sTNFR2 with (i.c.1). and by imposing the following initial conditions (i.c.2):
t(h)
we obtain different inhibition levels as it is shown in Table 2 . Table 2 . L, r, A, and C in the first 3 hours since the administration of Infliximab with (i.c.2). In case of Etanercept administration, by assuming the following values of the parameters:
and by imposing the following initial conditions (i.c.3):
a decrease of free TNF-α concentration is observed as it results from Table 3 and Table 4 . Figure 4 shows a decrease of free TNF-α concentration L from an original value of 0.000001030284012 M to a value of 0.0000010116367 M. After 3 hours, about 2.4% of free TNF-α is bound to form the receptor-ligand complexes. After four days since administration of Etanercept, about 99.99% of free TNF-α is bound to form the receptor-ligand complexes, and L decreases from an original value of 0.000001030284012 M to a value of 0.0000005747512787 M. 
Final remarks
From an initial condition L(0) = 0.0006503257844 M, and with appropriate conditions on the parameters we have shown the effectiveness of inhibitors sTNFR2 to bind free TNF-α. After three hours, the free TNF-α reaches a level equal to approximately 0.0005072829288 M. This prove the effectiveness of this inhibitor to bind free TNF-α and therefore to reduce the inflammation. The inflammatory process causing damage to the synovial cells is halted once the free TNF-α level is reduced. In the case of treatment with Infliximab for an initial condition L(0) = 0.0000051468753 M and appropriate conditions on the parameters we obtain a decrease of free TNF-α. After 3 hours, L is about equal to 0.000005099981816 M and after ten days is more than halved. This prove the effectiveness of this inhibitor to reduce the inflammation. In the case of treatment with Etanercept for an initial condition L(0) = 0.000001030284012 M and appro- Table 3 . L, r, A, and C in the first 2 hours since the administration of Etanercept with Table 4 . L, r, A, and C from 2 to 3 hours since the administration of Etanercept with (i.c.3). priate conditions on the parameters we obtain a decrease of free TNF-α from its original value confirming the effectiveness of this inhibitor. After four days L reaches a value of 0.0000005747512787 M, about the half of its original value. A decrease of L corresponds to an increase of the bound proportion r. The increasing trend of r assures the ability of sTNFR2 receptor to bind free TNF-α to form the receptor-ligand complexes.
We note that the model exhibits the following simplifications:
1) The human anti-chimeric antibody (HACA) response that cause a reduction on effectiveness of the inhibitors is not considered [10] , [11] .
2) The effects known as adverse reactions such as tuberculosis due to the use of TNF-α inhibitors is not considered.
3) The behaviour of TNF-α is isolated from other cytokines because TNF-α is prevalent in the inflammatory response.
Finding an analytic solution for the model which describes the dynamics of TNF-α in receptor com-partment (1)- (4) allowed us to analyze the behavior of functions L(t), r(t), A(t), C(t) at different initial conditions and for specific conditions on the parameters.
It is important to remark that the solution depends on initial conditions.
